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2.1

a;a; =6 (scalar)

1 21
(@ aqa;=|2 4 2| (matrix)
1 21
Ai = Ay + Ay + A =4 (scalar)
2
Aja; =5 | (vector)
6
0 1 21
a=2|,A=|100
1 1 21
a;a; =5 (scalar)
0 0O
(b) aa;=|0 4 2| (matrix)
0 21
Ay = Ay + Ay + Ay = 2 (scalar)
5
Aja; =| 0| (vector)
5
2] 0 21
a=1/,A=|3 20
1] 1 0 4
a,a; =6 (scalar)
4 2 2
(©) aa;=2 1 1| (matrix)
2 11
A = Ay + Ay + A =6 (scalar)
3

A;ja; =| 8| (vector)
6
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2.2
101
Aj=I1 20
121
1 121
() A(ij):%(AﬁAji): 1/2 2 1}, six independent components
1 1 1
0 -1/2 0
Aﬁ”:%(AJ——AJ—i): 1/2 0 -1}, threeindependent components
0 1 0
121
Aj=11 00
121
1 3/2 1
(b) ,A(ij)=%(Aj+Aji): 3/2 0 1}, sixindependent components
1 1 1
0 12 0
Aﬁj]:%(AJ——Aji): -1/2 0 -1}, threeindependent components
0 1 0
0 21
Aj=(3 20
10 4
0 5/2 1
(c) A(ij):%(AﬁAji): 5/2 2 0], sixindependent components
1 0 4
0 -1/2 0

A[ij]=%(Aj—Aji): 1/2 0 0|, threeindependent components

0 0 0
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2.3.
AjBj = —A;iBji = —AjBj=2A;B; =0=A;B; =0

2.4
AiCi = AiiCy = ACyi
= A;(Caiy +Caip)= AiCaiy

B;Cij = —B;;iCyj = —B;Cy;
= By (Cp) + Cpyy )= ByCy
0 By 513
det(Bij ): -Bp 0 Bys| = =By Bi3By + B;3Bp By =
-By -By O
25
Oyq@yy + 0128y +81385  Opj@yp +01,8y +01383 8153 + 01,8y + 01385
i, =
a; adp 93
=@y AQxp Ay | =K
831 33 agx
0118y 0198y +0138y3  Oyq8p 8158y + 01383 0118 + 01583 + 013853
8,J & =
Q1 dy
=|8p Qpn Ayp =4,
| &3 A agx
2.6

det(Ay) = €A A2 j Aok = €123 A1 Po2 Ass + €231 Ao Pos Aat T €310 Az A Ao
+ 8301 Aig Aoy Ast + 813 At Agg Agp + 8213 A0 Apy Agg
= A Ay Ags + Ap A Agy + Az Py Agy — As Py Ay — A Ass Ay — A Ay Ags
= A (A A = Ay Ag) — A (A Ay — ApsAg) + Ais (A Ay — A Agy)

Ar Ar Ags
=|A,, A, Ayl (using the usual first row expansion)
A An Ag

Likewise the same for theform det[A; ] =& Ay A2 A
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2.7
det[A;]= 21; 2122 = APy — Ap Ay, det[B;]= si BZ
= det[A;Jdet[B;; ] = (A Ay, — A Ay ) (B By — B, Byy)
= A Ay BBy + A Ay Bio By — A Ay B By — A Ap By By,
det[ AB] = AuBi +ALBy  AyBp +ARBy,
AnBiy + ApBy  AyBrp + AyBy
= (AuBiy + ApBy ) (Ay By + Ay Br) — (A By + ApBy ) (A Bry + Ay By )
= A Ay BBy + A Ay BBy — A Ay By By — Ap Ay Bry By, = det[ Ay ]det[ By ]
Orthogonality Properties:
Given Ay Ay, =3; = det(A A, )= detd; = (det AYdet A)=1=> det A=+1

= Bll Bzz - BlZ le

2.8
Ao Ag A
Property (2.5.4) gjy&pq detlAn1=1A;p  Ajg  Ar
Ao Aq Ax
8 B O
For thecase Aj = 8;; = &jy€pqr =9jp Ojq Ojr| (2.5.5)
Okp  Okq  Okr
8i O Oy
From(2.5.5) with p =i = gjy&iqr =18} Ojq Ojr|=0¢Ok —0:0kq (2.5.6)
Oyi 8kq Oy

2.9
e,-e,=1,e,-e,=1,e;5-5=1
e e, =6-e=0,6-e;=6-6=0,€,-¢,=1,e5-6;=1=¢;-€; =9
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2.10
c0s90° cos90° co0s180° 0 0 -1
For 90° rotation about x, —axis : Q; =| c0s90° cos0° ¢c0s90° [=/0 1 O
cos0° cos90° cos90° 1 0 O
Cases from Exercise 2.1:
0 0 -1j1 -1
@a =Q;a;=/0 1 0|2 ={2]|a|=(aiai)”2=\/§, a|=(aja)'* =/6
1 0 0|1 1
00 -1][1 0 1o 0 -1 [1 -2 -1
A =QpQiA,g=|0 1 011 20)0 1 0|=[{0 2 1|,A=6A=6
1 0 O0fjl1 2 111 0 O -1 0 1
0 0 -1(0 -1
(b)aj=Qa;=|0 1 02 {2],|a|=(aa,)“2=£, a|=(aa)’* =6
1 0 0|1 -1
00 -1)[1 2 1o 0 -1 [1 -2 -1
A Q,pQJquq{o 1 01 00f01 O0f=0 0 1|, A=2A=2
10 041 2 1|1 0 O -1 2 1

0 0 -1][2] [-1
(©)ai=Qa;=0 1 01 _|:1:|’|a|_(aiai)1/2_\/€’|a’|_(ai'ai’)1/2_\/€
10 0f1] |2
0 0 -1][0 2 170 0 -1 [4 0 -1
A’,Q.pQJquq{o 1 0{3 2001 0|={0 2 3|,A=6,A=6
10 0/1 04|10 0 1 2

211

2" =1)= 00" +Qq" <0 =
QQ" =-QQ" =—(0Q" ]
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2.12
0. = {cos(x{, X) COS(X, xz)} ~ { cos c0s(90° _e)} ~ [ cos®  sin 9}
ij — - -

COS(X5,X;)  COS(X3,%,) | | cos(90° +0) cos —sin® cos®
b =Q.b: = cos® sin® || b | | bcosO+b,sind
' Zsing cos6 b, | | —bsin0+b,cos6

. . T
, cos® sinO | A; A,]| cosd sin
Ai = QipQjgApq = : :
—sin® cosO || Ay, Ay |[—SinB cosO

| A cos® 0+ (A, + Ay )SinBcosO+ Ay, sin®0 A, cos® 0— (A, — Ay,)sin 0cos0 — Ay, sin’ 0
A, c0s?0— (A, — Ay)sin0cosd— A,sin?0 A, sin?0— (A, + A, )sin0cosd+ Ay, cos? 0

2.13
1

1 1
& === EijkAje =‘§8ijk(A<ik) + Atjk]):—ggijkptjk] =
1 1 1
A€ = _Egijkgimn A{jk] = _E(Sjmskn _Sjnskm)A{jk] = _E(A{mn] - A{nm]): _AImn]
A{mn] €imn

2.14

Property 7: Given A;B; = ¢ = scalar and Bj; is a second order tensor —

A;Bjj =¢' = AjQinQjnBmm =¢ = ApBry = Any = QinQjnAy - Alsasecond order tensor

Property8:Given A;b; = ¢; with b; and ¢; being first order tensors =
A\rjb; =C = Ai,ijmbm = QinCh = QinAumby = A{JQJm =QinAum =
ka('AﬁIijm = Qin 'Ahm):> 'Aﬁerijkm an Athkm = 'A\J jk — Alk QianmAnm

.. Alis a second order tensor

2.15

3 1 1
A A = SdetT Al e[ Al €ikI€ jor Agk A Jm:maik,det[A]smk, , Where we have used (2.5.10)

= %8ik|8mk| = %gkﬁgkhﬂ = %28”“ = 6im y Where we have USEd (257)
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2.16

I, =trA=1,
I, =trA”> = AjA;

From(2.11.3) 1, =%(AiAjj —AA) = AA = AA = AA; 210,
Sl =15=2l1,

I, =trA?,

Using CT Theorem (2.13.1) = A® = 1 ,A — 11 ,A+ 111,

Taking trace operation gives trA® = 1, (12 =211 ,) — 11 .1 . + 3111

. _ 3

2.17
A 0 0
Given A; =0 2, O
0 0 A
la=Ai = A1+ Ap + A=A+, +1g
”A:l(AlA”_IA\JA”): A'J.l A.'|.2+A22 A23+A&.1 A.|.3
2 A Anl A Agl [An Ag
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2.18
-2 1 0
(@ Aj=| 1 -2 0
0 0 O
Ar Aol A Al (AL A
li=A =4, 11, = =3, 111, = det[A;]=0
A=A S P A PR L = el

Characteristic Eqn.— 2> =42 =34 =0 = A(L+1)(A+3) =0, &, =0, A, =1, A3 =-3
A =0, (A;—A8;)n; =0 =

~2nf +n{Y =0

n{ —2n{’ =0

P =n{ =0andthusn{? =1= n® =g,
o ==L (A =Ad)n; =0=

—n® +nf? =0

n{? —n{? =0

n{? =0

© n® =n® and thus= n® = (e, +¢,) /2
hy==3, (Aj=Adn;=0=

n® +n =0

nf®+nf® =0

3n{¥ =0
- nf® =—n® and thus= n® = (e, —e,) /2
0 0 1
Rotation Matrix to Principal Axes: Q; = V2 12 o=
N2 1142 0

0 0 O
A=QAQ" =0 -1 0
0 0 -3
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2.18
-1 1 0
) Aj=|1 -1 0
O 0 2
Ar Aol A Al [Ar A
l,=A =01, = — 4,111, = det[A,]=0
A R PV o PR o =0ty

Characteristic Eqn.— 22 +4L =0 = A(32-4)=0,4, =0, A, =2, A3 = -2
A =0, (A —A8;)n; =0=

—n®+n’ =0

nf —n{P =0

2n’ =0=n{’ =0

» n® =n{® and normalizing n{® =n{® =1/v2 = n® = (e, +e¢,) /2
hp = =2, (Aj=Ag;Nn; =0=

n{? +n{? =0

n? +n? =0

4nf? =0=n® =0

~ n® = _nf and thus= n® = (e, —e,) /2

Ay =2, (Aj=28;)n; =0 =

-3n® +nf® =0

n® -3n ~0

0=0=
0¥ =nP® =0andthusn{® =1= n® =e,
142 142 0
Rotation Matrix to Principal Axes: Q; =[1/v2 -1/V2 0| =
0 0 1
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2.18
6 -3 0
(© Aj=|-3 6 0
0 0 ©
Ar Aol Ay Al AL A
I, =A =18, 11, = =99, Ill, =d - 1=162
A =h M la Al tlA A TlA Ay a = dellAy]

Characteristic Eqn. — 23 +183* 994 +162 =0 = (A—-9) (L —6)(A—3) =0= A, =9, X, =6, h; =3

M =9, (Aj—A3;)n; =0=

—3n{ —3n{) =0

—3n -3n{ =0

~3n{’=0=n’=0

- n® = —n{ and normalizing n® = (e, —e,)/~/2

hy=6, (Aj—A8;)n; =0=

-3nf? =0=n? =0

-3nf? =0=n{? =0

0=0

~ n{? =1and thus= n® =e,

=3, (Aj—A3j)n; =0=

3n{® —3n{ =0

—3n{¥ +3nf =0

3P =0=nP =0

- n® =nf® and normalizing n{® =n{ =1/3/2 = n® = (e, +e,)/2
1742 142 0

Rotation Matrix to Principal Axes: Q; =| 0 0 1=

/42 142 0

A'=QAQ" =

o O ©
o o O
w O O
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2.19
Mulitply basic equation An =An by A to get

AlAn=AMn=n=2A"h= Aln= %n

.1/ 1 are the principal valuesof A™ and n are the principal directions
Using principal coordinates,
IA = }Ll+}\,2 +7\,3 f “A :}\417\42 +}\42}\43+}\43}\41 f “IA = }\41}\42}\43 =
Mhy+Ahs+Aqh, 1 1 1
=—+—4+—=14
}‘17”2}“3 }”1 }“2 }“3 A

2.20

Using principalaxes Ajbb; =A,b7 +2,b5 +A5b]

If 2; =0, then clearly A;b;b; >0

If Ajbib; 20 = Abf +2,07 + 2507 >0

Since vector bis arbitrary, chooseb = (1,0,0) = A, >0

Likewise for other choicesb =(0,1,0) = A, >0 ,b=(0,01) = 1, >0
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2.21

1 3 00
0 0 3
I 0 1
Aj=A-Aj=|1 -1 0
121
0 0 1]
(b) Aj=|1 2 0|= A, =3
1 2 1_
. 1 00
AijngmmSijZSij: 010
0 01
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2.22

From(2.13.2) = A% = 1, A — 1, A+1ll,I

Multiply by A = A* = 1,A%—11,A% + 111, A ; substituting in for A% from (2.13.2) =

A = 1 (I, AZ =T A+ T D) = AP T A= (15 = H)AZ+ (1, = 1) A+,
Next multiplying by A again =

A = (15 =1 )AS+ (I, — 1411 ) A% + 1,111, A; substituting in for A® from (2.13.2) =
A% = (12 =11 )(L,AZ =T A+ T D) + (1, = 1) A% + 1,1 A

A% = (13 =21, 104+ 1) AZ (141, =121, + HA) A+ (151, = 1)

2.23
A=RU =\R =
ATA=U'RTRU=UTIU=U"U=UTU =U?
AAT =VRRTVT =VIVT =vVT =VvV =Vv?
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2.24

€ €, €3
X X Xp 2% X5X3

V2u = V2ue, +V2u,e, + V2u.e, = Oe, +0e, +0e; =0
1 0 0
Vu=| X, X, 0 |, tr(Vu) =1+X, +2X%X,
2X,X3 2% X3 2% X,

(b) U = x7e; +2X,%,€, + X3€5

VoU=Upg +Uy, +Ugg = 2% + 2% +3X5
€ € €3

Vxu=0/0x, 010X, 00X =0e;—0e,+2X,e4
X2 2% X, XS

2 2 2 2

2x, 0 O
Vu=|2x, 2% 0 |, tr(Vu) = 4x, +3x?
0 0 3%

(C) U= X3e; +2%,X:€, + 4X7e,
V-u=U;+Uy,+Uz3=0+2X3+0
& € €3
Vxu=0/0x, 010X, 0I0Xs|=—-2X%,; —8X€; —2X,€5
X2 2%y AXE
V2u = V2ue, + V2u,e, + Vuse, = 2e, +0e, +8e,
0 2x, O
Vu=| 0 2X3 2X, |, tr(Vu) =2x,
8, 0 0
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2.25

(a)

V(o) = (0w) =0y +0, ¥ =Voy +oVy

V(o) = (W) e = (W & +0,W) 4 =OW 1 + O, W 4 + O, W 4 + 00V =W + OV 1 +20,
= (V)W +0(Viy) +2V$-Vy

V-(ou) =(¢u,) , = U, +¢, U, =Vo-u+(V-u)

(b)
V x(ou) =gy (U, ) j =& (DU, ; + ;U ) =€40 U, +dey U, =Vdxu+o(Vxu)
V-(UxV) = (g3 U;Vv, )5 =& UV, +U; V) = Vg Uy +Ugg Vv =V-(Vxu)—u-(V xv)

VxVo=g;(d,); =¢ybd, =0becauseof symmetryandantisymmetryin jk
V-V$= (¢,k),k = ¢,kk =V? ¢

©)

V- (Vxu)= (g U, ;)i =&y, ; =0, because of symmetry and antisymmetry in ij

V x (VX U) = Emi (gijkuk,j) =&im¢ Ijkuk jn (Smj nk 8mk8nj)uk,jn = un,nm _um,nn
=V(V-u)-Viu

uX(qu):‘gijkuj(‘gkmnun,m):Skij‘gkmnu u :(8 8 — |n Jm)u U unun,i _umui,m

jZ'n,m im™ jn j

:%V(uou)—uVu

2.26

Cylindrical coordinates: &' =r, £ =0, £* =z

(ds)® = (dr)® +(rd0)® + (dz)> = h, =1, h,=r, h, =1
€, =cosbe, +sinbe,, €, = —sinbe, +cosOe, , €, =e,
oe, o€, . 06 08, 06, o€, o0é

Z Z Z

=6, =g, Tr=Te T T T
o0 o0 or or or 00 o

o 1o .0

V=¢ —+¢,-—+6, —
or r oo 0z
vie Lg% g X
6r r oo 0z
V-u :——(r )+ 10u, , ou,
r oo oz
2 2
Vif = 1a(rﬂ)+%2+g
ror\ or r- oo 0z

(1 ou, auejA (aur ausz 1(8 8urjA
Vxu=|-—"2-—7"1I¢ + - é, +—| —(ru, é,
rod oz oz or r\or 00
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