
2 Chapter 4 Partial Derivatives Solutions

4.1 A meteoroid desending into the atmosphere travels a distane x before burning up

entirely. This distane is a funtion of (among other things) the meteoroid's initial speed v

and its mass m.

In eah of the parts below, explain the meaning of the given partial derivative in terms

a 12 year old ould understand. Also give the units of the derivative and whether youwould

expet it to be positive or negative.

(a) )x∕)v

Solution: This means �How muh further will an initially-fast meteoroid get into the

atmosphere than an initially-slow meteoroid?� Its units are m/(m/s), whih simpli�es

to s. We would expet it to be positive: if twometeoroids have the same amount of mass

to dissipate, then the one that is initially going faster should go further.

Final Answer: positive

(b) )x∕)m

Solution: This means �How muh further will a heavy meteoroid get into the atmo-

sphere than a light meteoroid?� Its units are m/kg. We would expet it to be positive;

a 20-lb boulder should take longer to burn up than a 1-gram pebble, so, if they start at

the same speed, the boulder should go further.

Final Answer: positive

() List one other fator that the meteoroid's desent distane depends on. Then answer

the same questions for the partial derivative with respet to that variable.

Solution: One possible answer would be �, the angle at whih the meteoroid strikes

the atmosphere. If � is de�ned to be zero for a meteoroid heading straight down then

)x∕)� means �How muh further will a meteoroid that omes in at a shallow angle

get than one that is heading more downward?� Its units are m/radians or m/degree (but

more properly just m, sine radians are unitless). We would expet it to be positive,

sine a meteoroid heading straight downwill get into denser, and thus more destrutive,

atmosphere sooner. This means a straight-down meteor should go a shorter distane

than an angled one before burning up.

Other possible variables ould be the density of the meteoroid (positive derivative), the

density of the atmosphere (negative derivative), or the temperature of the atmosphere

(negative derivative).
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4.2 The amount you pay in taxes depends on your inome I , your total number of dependents

d, and the amount you give to harity .

In Parts a�, explain the meaning of the given partial derivative in terms a 12 year

old ould understand. Also give the units of the derivative and whether you would expet

it to be positive or negative.

(a) )T∕)I

Solution: This means �How muh more will I pay in taxes as my salary grows?" Its

units are dollars/dollars, and so is unitless. In other words this number will be the same

whether you measure money in dollars or ents.

The number should be positive sine the more money you make, the more you pay in

taxes, given that your haritable giving and number of dependents stay the same.

Final Answer: positive

(b) )T∕)d

Solution: This means �How muh more will I pay in taxes as my family grows?" That

is, how will having a kid hange your taxes? Its units are dollars/dependent. It should

be negative, sine you are allowed to take tax dedutions for eah family member you

support.

Final Answer: negative

() )T∕)

Solution: This means �Howmuhmore will I pay in taxes if I donate more to harity?"

Its units are dollars/dollars, so it is a unitless derivative. It should be negative, sine

haritable donations are usually exluded from your overall inome for tax purposes.

Final Answer: negative

(d) List one other fator that your taxes depend on. Then answer the same questions for the

partial derivative with respet to that variable.

Solution: Perhaps themost obvious answer is r, the tax rate. )T∕)r is a unitless positive

quantity: �If the tax rate goes up by 1% how muh more money will I pay?�

Another possible answer would be h, the value of your house. )T∕)h means �How

muh more will I pay in taxes if I move to a more expensive house?" Its units are

dollars/dollars, and so is unitless. It should be positive, sine you have to pay more in

property taxes on more expensive houses.
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4 Chapter 4 Partial Derivatives Solutions

4.3 Your puppy's weightW depends on its alori intake  and how many hours per week you

walk it, h. In Parts a�b, explain the meaning of the given partial derivative in terms a 12

year old ould understand. Also give the units of the derivative and whether you would

expet it to be positive or negative.

(a) )W∕)

Solution: This means �How muh more will my puppy weigh if I feed it more?" Its

units are kg/alories. It should be positive, sine more food leads to pudgier puppies.

(b) )W∕)h

Solution: This means �How muh more will my puppy weigh if I walk it more?" Its

units are kg/hours. It should be negative, sine exerise burns off the puppy fat.

() List one other fator that your puppy's weight depends on. Then answer the same

questions for the partial derivative with respet to that variable.

Solution: One solution would be the number of intestinal parasites the puppy has. Its

units are kg/worm. It should be negative, sine parasites absorb nutrients that would

otherwise go to puppy.
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4.4 Consider a funtion u(x, y, z, t) that gives the temperature of the air in a room as a funtion

of time.

(a) What would it mean physially if )u∕)z > 0 at some point (x
0

, y
0

, z
0

, t
0

)?

Solution: At that moment, the temperature slightly above this point is higher than the

temperature at this point.

(b) What would it mean physially if )u∕)t = 0 at some point (x
0

, y
0

, z
0

, t
0

)?

Solution: The temperature at that point is not hanging right now.

() Is it possible for both of the above statements to be true at the same plae and time?

Final Answer: yes
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6 Chapter 4 Partial Derivatives Solutions

4.5 The temperature u on Skullrusher Mountain depends on height h and time t.

(a) Everywhere on the mountain )u∕)h is negative. What does that tell you about the

mountain?

Solution:Mountains are older toward the top than at the bottom.

(b) Throughout the morning )u∕)t is positive.What does that tell you about the mountain?

Solution: The air warms all over the mountain as the sun rises.

() Suppose )2u∕)h2 is negative. What would that mean? (Explain in the learest and

least tehnial language you an, for the bene�t of a mountain-limber who knows no

alulus.)

Solution:Asyouwalk up themountain the temperature keeps dropping faster and faster.

So for instane the temperature drops a ertain amount as you go from the bottom of

the mountain to the middle, but it drops even more as you go from the middle of the

mountain to the top.

(d) Suppose )2u∕)t2 is negative. What would that mean? (Same omment.)

Solution: As the sun rises the mountain will warm up quikly at �rst, but then more

and more slowly as the day wears on.

(e) Suppose )2u∕()t)h) is zero. What would that mean? (Same omment.) There are two

equally valid answers you ould give to this question.

Solution: Answer 1: The sun warms up the mountain equally fast on top and bottom.

Answer 2: The temperature drop as you limb the mountain is the same no matter what

time of day you limb it.

It isn't immediately obvious that these two answers are equivalent, is it? Both of them

represent the same equation, so they must be. See if you an onvine yourself that

either of these statements implies the other.
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4.6 f = xy

2

Solution: To �nd )f ∕)x, hold y onstant and take the derivative of f with respet to x.

)f

)x
= y

2

To �nd )f ∕)y, hold x onstant and take the derivative of f with respet to y.

)f

)y
= 2xy

)2f

)x)y
=

)

)x

)f

)y
= 2y

Final Answer: )f ∕)x = y

2

, )f ∕)y = 2xy, )2f ∕)x)y = 2y
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8 Chapter 4 Partial Derivatives Solutions

4.7 f = x∕y

Solution: To �nd )f ∕)x, hold y onstant and take the derivative of f with respet to x.

)f

)x
=

1

y

To �nd )f ∕)y, hold x onstant and take the derivative of f with respet to y.

)f

)y
=

−x

y

2

)2f

)x)y
=

)

)x

)f

)y
=

−1

y

2

Final Answer: )f ∕)x = 1∕y, )f ∕)y = −x∕y2, )2f ∕)x)y = −1∕y2
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4.8 f = a os(bxy) + e

d∕y

Solution: Remember that a, b, , and d are onstants.

To �nd )f ∕)x, hold y onstant and take the derivative of f with respet to x.

)f

)x
= −aby sin(bxy)

To �nd )f ∕)y, hold x onstant and take the derivative of f with respet to y.

)f

)y
= −abx sin(bxy) −

d

y

2

e

d∕y

)2f

)x)y
=

)

)x

)f

)y
= −ab(sin(bxy) + bxy os(bxy))

Final Answer: )f ∕)x = −aby sin(bxy), )f ∕)y = −abx sin(bxy) − [(d)∕y2]ed∕y,

)2f ∕)x)y = )∕)x()f ∕)y) = −ab(sin(bxy) + bxy os(bxy))
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10 Chapter 4 Partial Derivatives Solutions

4.9 f = sin x∕ os y

Solution: To �nd )f ∕)x, hold y onstant and take the derivative of f with respet to x.

)f

)x
=

os x

os y

To �nd )f ∕)y, hold x onstant and take the derivative of f with respet to y.

)f

)y
=

sin x sin y

os

2

y

)2f

)x)y
=

)

)x

)f

)y
=

os x sin y

os

2

y

Final Answer: )f ∕)x = os x∕ os y, )f ∕)y = (sin x sin y)∕(os2 y), )2f ∕)x)y =

(os x sin y)∕(os2 y)
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4.10 If f (x, y, t) = ae

bx

2

y

sin(!t) �nd )f ∕)t and )2f ∕)x)y.

Solution: Remember that a, b, and ! are onstants.

To �nd )f ∕)t, hold x and y onstant and take the derivative of f with respet to t.

)f

)t
= a!ebx

2

y

os(!t)

To �nd )f ∕)x, hold y and t onstant and take the derivative of f with respet to x.

)f

)x
= 2abxye

bx

2

y

sin(!t)

)2f

)y)x
=

)

)y

)f

)x
= 2abxe

bx

2

y

sin(!t) + 2ab

2

x

3

ye

bx

2

y

sin(!t)

Final Answer: )f ∕)t = a!ebx
2

y

os(!t), )2f ∕)x)y = 2abxe

bx

2

y

sin(!t)
(
1 + bx

2

y

)
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