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Chapter T

Overview of Finite Element
Method
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For R=1:
@ S(“: 2n R sim 1:- s(u)= an R Tan %

n

; 5.1962 10.3923
4 5.6569 8.0000
5 5.8779 2.2654
6 6.0000 6.9282
/ 6.0744 6.7420
8 6.1229 6.6274
: 6.1564 6.5515
” 6.1803 6.4984
11 6.1981 6.4508
12 6.2117 6.4308
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Figure 1.4.
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2EL (¢ W3_31W4> = P (2
N
2EL (_3? W3 + 21 4> = 0 (z)
23
Solution of Ezs’ (2) and (3) is:
W3: __F_g_ > TVJ;I_.—_ FQ
3ETI 2EI

The deflection within the element can be
ex]oressecl as

W) = = (397‘ —2" )+ - CA D
5{ X)) = — x LI Gy ——22 :_F_ ,(._x
_J';(> — (el -1 )+ZEI(°° )EI( )

——

2, _
BEna\‘nj moment = M(x) = ET j;’; - F(f—‘l>
mEY- &

Stress in the e,le,rnerzf- =0 (=)=

where j = distance fro—r‘n he,u.‘l’raj ax’s.

R A
A —¢ 3 —=%— 3L
@ E<(87:( :[S] _ 2:::‘___3_{ j:_ :LZ‘ :L. _::-— ‘::_._
B T S RS TR YA S
il W3 "‘fr W Wy W,

L
— W —
with w:{_w;} and PZ{O}
These ezucu!:t‘ons can be rewrttten a3
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€ W3 — 3L W, = 1 z v m, L
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Solution: _ Mo L M. L
W3 B 2€EL 2 Vq' - EI
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w
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. _ | 2 3 3 2
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stiffness matrices by e 7 e N
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Scalar form of E- (1)

48 W3+ 6L wy, = PL (2)
| 4€ET y
4P We+ LW = o = Wem- 2P (2D
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2 2 <
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Step 1. Idealization :
(2>

(2> A,
4 (% A ~[# Ve
o 77T T = [z]
A| =7 AZ () —_— §(2.)
——>§C') — (l) —_— ?il 2
I
. 2
< : -
ﬂ,()=56m, E(L)z 2xuo7 Nﬁmz ;5 4= 1,2

( (2)
A(,')- = 2 c,mz, Azl>= A(lz) _ B

]
o
0
E|
>
I
H
0
g

S'bE«FQ. _T.h"l:erlaola.":t'on ‘moo{'e‘,

T Pl
S

S?l:ela_’;- Element ezu.a;l:fohs:

strain energy of element e =

L (e> e
‘J.TLEI'I o (e,)__ E(e) e(@) , e(e_) ﬂ: __§‘
Ax ch)
: (> D)
HEI"B Ace)(x): A‘CE) + AZ - A! ~<
ICEJ _ (e)
2
Hience @ /@ @\ ( ) (©
— Y A
Tr(e) strain energy = E__ M AE€+AZ ~ A el
2 ﬁ(e) f(e)
( )
2
(e) (ey __(e>
JZCE) (@ + &, -z g &,
where Aw = average oreas = ! z
2

Expressing (0 as @< 4 ?e’f[Kfe’] 3,

we obtain
(e

e _(© - —(@ (2
E< CE) ] = _&‘.’V_._-E—- [ i i WL.LLA 5 :{ l(e)}
| A 1, 2,
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.5 2
() . H‘L—‘ =175 Cm , A =
av 2z

- -5
GO RN AR I e P e

Step 4. Assemuj of ezua:l:u'ons:

7 -7 o
6
5]" 16 |7 7+5 _5
o -5 5
.y § - Pi
'% = ég 5 E . o 5 P,:: reaxﬂnbn ot
) 2 node 1
¢, 1
(k1= 7 (>

Sl‘:els 5. AH;[j bounalcu‘y cond{'lrl‘ons and solve e(g/ua,+¢'ons:
since B =0, we delete first row and First

column i E‘g/yg.(ﬂ to obtain

[K]%zl? N ‘oe;[nz -—’5} &, 3{01 (23
-5 5 &, 1

Solution of Eps- (2) gives

$, = 428 x5 em, B, =3.429 x15 cm

S\l:e,a 6. Frnd stresses:
() Cl)_ (f-) i ;7_
o= E(')e('>= e % ____§] = (2 xno7)(l - ;' _E)

{))
= 0:5712 N/cmz
= (2) ()
__§,

- ¥ E(z)G(Z)z £® 2
XU')
-7

=(2x|o7)(3'423 xi5 ' — 1.428%1° ): 0-8 N/sz
5
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@ @) Element characteristic matrices:

4 4 3
c, = oy = ™ (5 - = 9:-5874 xto
i28 /r £ 128 (1-6 x10 ©) (1002) .‘.-.S/U:-Sec
4 4
d ™ (2 3
C2=—TL—1—- = ( )—6 = 0.16%6 %10
IZS/; lz 128 (1°€ x 10 )(I‘SOa) ;ns/M,_sec
L'
C3= Ty = m (') 5635 %10
S e e B ™ = . ' Xlo
3 (23 M L3 128 (l-éxlo-5>(2ooo) l JI
n - oec
Fu'Pe element { with nodes {ard 2 |
"y _ : *
[x ]’Cnl:' —':]=9587-4[' “]'
=1 | | | 2
Pipe element 2 with nodes 2 and 3:
2 3
(2} - [ - _ . \ _| 2
E< ]'Cz[., t]_lé%o[—l |]a
F-‘Pe elovrent 3 with nodes 2 and 4:
2 4
(3)q _ e [ -1z
[K ]'C3[~| l]"?éa's [—u l]q
ASS&mLEJ characterstic rnatrfx:
(q597.4 - 9587.4 o o |
- ) (959874 -163:6 = 1963.5
[5]3 9587- 4 1630 €
+1963°5)
o - 163-6 1636 0
| © ~1963,5 o 19635 |
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SUstem ezua.:honS:

[ - N (o)

3587.4 -~95874 o 6} rh[ &1
_9587.4 11714:5 -163.6 -1963:5||f R,

{ = (1
o ~163°6 €3¢ N b ( ‘aar )

L—o -19613.5 o (963.5 'Plr Ry

/ - 7

where @; is the external Llow rate ot node <.

Since the pressures ok nodeg 1,3 amd 4 oo known,
P, is 1he unknown pressure n Eg- (1) wts Q,=o.
By using e kmeown values, P, = 20, f’g = 15 amd

'19 = |5 an', EZ. (1) cCom Ee Y‘eer'L'ten ) the form
&

—;?937"1 o o o 'rln\ 95874*20 b,
o H7Iy's o o b 9587.4 P+ 163+6 P3
5= + 19635 Py
o 0 1636 o b3 = 223655
16 3:6% IS¢ P3
N © © '?63“1 k" y (96 3.5 %15 Py -
(2)
Eg. @) 9'ves the nodal pressures af:
223655 '
ppund ' T —— O . 0 S
’]’,1..20 psi, P, Th (9.0921 psi,

Ps= 15 PSt, P, =15 psi

(b Volume ffow rates 'n pipe eloenends :

&= & (ki - P2)= 95874 (20 -H:o?m)
= 8704323 |n /S’ec

Qz-cz (l’u Po) = 6360 (19:-0921~ D)

- C69 4676 in’/sec
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Qs= C3 (Pa-by) = 1963:5( 150921 ~15)
= 8034.837% llng/Sec

Tt com be verified thatthe inflow vate (@) s eﬁml
t the total outflow rai'e( &, + 43)

©)H Re.jnolols numbe r for f(ow in each of the Pa‘[oe
elements :

Aoty T

Lf

L\ K (19) (8704 -3)
- 4 (5 £ 8 1 .
Re (|2> ‘f(;'z) 7{.(“6*';6)(;)
= 0.126936 x 106

For pipe eloment 2:

(Iz)HCQ)(ééq >) =o-02'—/Lfo(oG
T (16 x 16 (2
For J’I""e W 3

fes 4 (4 4 (.9 (8034-8) e 0 46465 X1
™ (IGXIJG)(‘f)

(d) Since Re = 2000 in each Ft‘re M(XW>:
the f'ow is Turbulent in oL Pépe elevnents .
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e)
I——> U.fe) I-—+ Uz(
T WWWWWW— Element
/4 gl
I——' Fl l—bFz ¢

When nodel forces P, amd P, act a./lmn.g the nodal
ditphocemends () amd UL, negpectively, the Afrain
gy d& tRe Apivirg (s given by

TC = (né'[' :force) (he{' W&M>

4
2
)
- g e (u®- D} (07 -u®)

e (- 0@y (1)

-
-

L
2

EZ-(:) cem be e&l:ress“eeﬂ n matrix :f-orm a3

(€)
T TS S R BE (2>
‘ "'k K Uzce)

ovy T - (€)
= L G [ k<] A (3>
where U (©
U(e) = { l(e)} = veclor of nodael W
v
& 05 e’ement
amd

(:'k(ﬂ] = stiffness matrix of element .

By comparing Eps. (2) amd (3), the stiffness matrix
of the elovnemk com fe idenlipied as

] = « L‘I ] (4
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_ — U, —+ U, — U3
3
(1) fren e
4 %, 2
e=1 e= 2
e —_— —_—
P, (reach‘oh) Pa=0 P3=F
Element sh'fs‘—r\e.SS' matrices: v, Vs
OR r—- _ 5 v = Vi (1
[I.< ]_ kl[-q \ ] = 10 [_‘ |:J 7 N/]n

Uz U3
2 | - | _ 5 { -} Uz N ('2,)
B< J 142[_' ':I = 5%io {:_l ‘] . /m

ASS’emHEO\ stiffress matrix of the sjs’{-em :

u; Ve U3

5 |1 -1 o -1 o | Ui
[',5]2 o 5
- =

1+5 -5 o (-1 g -5 |Yz2 (3)
() -5 5 6o -5 g Vs

\

Ezufh’bn'um ezuafa‘ons of the Sy stem :

. [ ~ o U £ o
Ys! - 6 -5 Ua = o 4

By using the condition U =0 in Eg- (4D, i by
Ae\eh‘nj the row omd column COY‘rESFOno(l'ns t U,
Ez-(q)) we o blan

A P >

Solution o} 52-('5) 9|'VG$’ the noclai &L‘/SJOIM $

Ug= orolowm, Uz= o0.012 m

(6>
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2 4‘2 @ 'f¢3

. O3 ®\/\N\Ar—°—vwvw—'—*'|=

e:-.z e=3
T Y
(reo.c‘hon)
gEle ment wmotrices: v, Va
| — | s [ -] WU
[K(‘)]z k'["l t] =10 Ln J U2 N/m
U, V3

\I

™ — s 1 - Vo
[Iﬁ(z‘)] K2 l] = 2%xlo [_’ ' ] U N/m

Uz Y4
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Assembled stiffness mateix of the sy stem:
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By l‘nc.orPoraJ‘fnj the bounola.rj condition U =0, E?'(l)
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Solution of Eg-(2): Ug = |o_2 m, Ug=l.5xl0o M, Uy=1-8933%10 ™.
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